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Professor F. Morley of Johns Hopkins University applied the geometry 
of the complex variable to obtain "Orthocentric properties of the plane w-line." 
He announced theorems relating to a general system of straight lines. 

Four other papers on the programme and read by title were of geometrical 
character; they were by Dr. Snyder of Cornell, Professor Field of Carthage Col- 
lege, Dr. Keyser of Columbia University, Professor Emch of Colorado University. 

On Wednesday afternoon were presented several papers not on the print- 
ed programme, also (by title) papers by Dr. Eisenhart of Princeton, Professor 
Roe of Syracuse University, Dr. Bpsteen of Philadelphia, Mr. Ford of the Uni- 
versity of Michigan, and finally the following three papers : 

"The bilinear point-line connex in space; an extension of Clebsch's con- 
nex," by Dr. E. Kasner of Columbia University; "Multiple points of Lissajous's 
curves in two and three dimensions," by Mr. E. A. Hook, Milwaukee; "Null 
systems in space of five dimensions,^' by Professor John Eiesland, Theil College. 

A large number of the members lunched together each day at Evanston' s 
one hotel, and dined together in one of the College buildings Tuesday evening, 
afterwards visiting the University observatory. On Thursday, the day after the 
Society adjourned, a number of members visisted the Chicago Steel Works and 
the University of Chicago, lunching together at the Quadrangle Club. 



THE EXPRESSION OF THE nth POWER OF A NUMBER IN 
TERMS OF THE nth POWERS OF OTHER NUMBERS, n BE- 
ING ANY INTEGER; AND THE DEDUCTION OF SOME 
INTERESTING PROPERTIES OF PRIME NUMBERS.* 



By J. W. NICHOIiSON, A. M., LL. D., Professor of mathematics in tbe Louisiana State University. 



Any polynomial of wi terms is equal to, and may be expressed under the 
form of : 

-f-[The sum of its terms taken in sets of to— 1] 

_L <' '< " " " m— 2] 

+ [ " " " ", " OT-3] 

_[ <' " " " " m— 4] 



'This paper was read to the American Mathematical Society several years ago and in presenting it 
the author asked whether or not anything of the kind had ever before been discovered . The inquiry was 
referred to Dr. Artemas Martin who reported that the main formula, designated in this paper by (4) , had 
been discovered and presented to the London Mathematical Society, but that the paper contained none 
of the transformations or deductions embodied in my discovery. With the hope that others will be in- 
terested in the matter and reach still more beautiful and important deductions, the paper as presented 
by me to the Society Is now submitted to the public. 
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Examples. 

1. «,+02+a3=[(ai + a2) + (a,+a3) + (a8 + «3)]-[(a,)+(aa)+(a8)]....(l). 

2. a,+a2+ag+a4= 



- [(«! +«S ) + (ffll +«») + (a, +a4)+(«2 + «3)+(a2 -t-«4) + («3 +«4)] 
+ [(ai) + («2) + («3) + («4)] 



..(2). 



3. In general, making s=ai+a2+....am> we have 



«=[(«-«, ) + (s-«2)+ • • • (s-flm)] 

-[«-«! -«3)+(«-«i-«3)+ , • (s-a„_i-a»] 

(-ir[(«i) + («2)+-.(«m)] 



L...(3). 



That (3) is true may be shown thus : 

Any term of s, as a^, ooeurs in the first [ ] »»— 1 times; in the second [ ], 

(w-l)(m-2) ,. . ,, ,, . , («j-l)(m-2)(m-3) ,. , 

-!^ ^ — times; in the third,-!^ o o times; and so on to 



the last in which it occurs 1 time. Henee the sum of all the a,'s in the second 
member is 

K^m-l)- e^-lK^-^) +....(_i)»»]a,^a,. Q. E. D. 



In all that follows, n is supposed to be a positive integer and less than m, 
unless otherwise stated. 

An interesting and important property of polynomials arranged under 
the form of (3) is set forth in the following 

Proposition : The second member of (5) may ie raised to the nth power hy 
raising each of the parts within the () to that power, ignoring the signs before the['\. 
Thus: 



is-a,Y+is-a^Y + 

is-a^ -a^y+is-a, -a^y+ 



-(-ir[(ai +«.)"+(«. +«3)" + 
(-irCCa,)™^ (a,)™+....(a™)»] 



(s-a„_i-a„,)"] 



(a„ 



-«».)"] 



L...(4). 



Peoop. Let us suppose «", and each of the terms of the second member, 
to be expanded. Let G=m'a/a^^....ak' be any particular term of s", where 
p-\-q+ ....g=ii, and Ti any integer from 1 to m. Now G occurs m—Ti times in the 
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first [ ], -^^ ^^-^^^r times in the second [ ], ^ — jt-h — ^^ 

times in the third [ ], and so on. Hence the sum of all the Q's in the second 
member is 

[m-Tt--^ i^ ^+....(-l)'"]G'=Gf, Q. E. D. 

Examples. 

1. Making a, =2, aj=3, aro=a3^6, whence s=;ll, and we have 

ll»=9" + 8"+5''— 6"-3"— 2\...(5), 

where m=2 or 1. 

2. Making aj=2, a^^=^, a^=Q, am^^a^^^l2, we have 

23»=21«f 20«+17"+ll"-18"-15«-14"-9"-8''-5"+12" + 6"+3«+2''....(6), 

where «=3, 2 or 1. 

3. Making «]=!, a8=3, a3=7, a^=:15, a^t=aj=31, we have 

57»=56»+54"-53"+50™-49«-47»-t-46«+42™-41™-39"+38"-35"+34"+32» 
-3l«+26™-25»-23»+22»-19"+18"+16"-15"-ll« +10" +8« -7« +4™ 
-3™-l»....(7). 

Here n—4:, 3, 2 or 1. 

Some additional properties of an interesting character are presented in the 
following corollaries to the preceding proposition. 

Cob. I. If 5^2'"— 1, then s"' may be expressed in terms of the wth powers 
of all the integers from 2"*— 2 to 1, inclusive. 

Examples. 

1. For a,=:l, ttg =2, a„=a3=4, s=7=28 — 1, we have 

(28_l)» +5™ -4" +3™ -2» -1™ ....(8), 

where n=2 or 1. 

2. For «]=!, «8=2, ag=4, a^=a4=8, 8=15=2*— 1, we have 

(2* — 1)™=14»+13'» — 12» +11»— 10»— 9"+8"+7"— 6" —5™ +4" 
-3™+2»+l»....(9), 

where n—d, 2 or 1. 

Note. — By (8) we observe that the sum of the last seven terms of (9)=:0. 
Hence, 
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15™=]4»+13'»-12»+ll™-10»-9»+8»....(10), 

where n=2 or 1. 

3. In general, to find (2™— I)™ we make a^^l, a^—% a^—'l'^, a4=2^... 
aOT=2»"-i, and obtain 

(2'»— 1)«— (2"*— 2)™+(2"'— 3)" — (2"*— 4)".... — (— 1)'»3» 

+ (-l)'»2»+(-l)™....(ll), 

where w=m— 1, m— 2, ....2, or 1. 

Cor. II. If s—{m—\')a^ -\-{ ^^~ 9 ~ + ij^t) then s™ may be ex- 
pressed in terms of the wth powers of 2'"— 2— 2()»— 2)^ integers, or less. 

This is done by making aj=ff J +«,, a^=a.^+a^, a^=a^-{-a^, etc., in (4), 
and eliminating the equal terms having contrary signs. 

ExAMPIjES. 

1. Make >w=3, Ug^a^ + a^ and (4) becomes 

(2a2+2ai)«=(2a3+a,)"+(«2 + 2a,)"-«/-(«i)'--(l2), 

where «=:2 or 1. 

Thus, for a2=7, a^=5, and w=2, we have 

245=192 +17« -72 -52. ...(13). 

2. Make m=^4, a^=a^-}-a^, aj^a^ + ^u'^'iid we have 

(Ba,+4a,)"=(3a2+3a,)"+(2a2+4«0"-(a2+3a,)« 
-(2ag +a,)™ +aj» +«!« ....(14), 

where w=3, 2, or 1. 

Thus, for a^=l, aj=5, m=3, we have 

413=36» -I- 348-223 -198+78+5'.. ..(15). 

3. Make m=5, a^=a^-\-a^, a^=a^-\-a^, aj^a^+l) ^n*! we have 

(4a2+7ai)"=(4a2+6a,)"+(3«8 + '7a,)"-(2aj + 6a,)»-(3a2+3a,)" 
-(2a2+4a,)™+(2a2+3a,)» 4-(a,+4a,)" +(2«2+«i)" -«2" -«i""(16), 

where m=4, 3, 2, or 1. 

4. Making »»=6, a^^aj+a,, a5=a4 + aj, etc., we have 

(5a j + 11a, )» =(5ag + 10a, )» +(4a2 +110,)™ - (4a2 +6a, )» - (Ba^ +10ai )» 
- (3a2 +8a, )» +(3a2 + 5a, )» + (2as -fSa, )« +(30^ + 3a, )« 
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+(2a2+6a,)»-(a2+5ai)»-(2as+3a^)»-(2aj+a()" 
=a,«+a,»....(17), 

where w=5, 4, 3, 2, or 1. 

Thus, making a^^5, a^=2, we have 

47»=45»+42»-35"-32™-31»+26"+25'»+2»-f-5"-12» 
-15»-16»+21» + 22™....(18), 

where n^5, 4, 3, 2, or 1. 

Making aj=13, a, ==—5, transposing, we have 

24"=22"+21"— 15"— 13"— 12»+10»+5"+4»4-3™— l^.-.-ClD), 

where n=5, 3, or 1. 

Making a2=8, aj=— 3, transposing, we have 

15»=14"4-13"-10"-9''+7"-6" + 3"+2»+l»....(20), 

where n=5, 3, or 1. 

Cob. III. The root of each term in (4) may be increased by any number, 
as c, provided that the second member be increased by — (— l)"'c". Thus: 

{s+cy^ + lis+c-a^y-\-is+c-a.ir+ . . . {s+c-a^y] 
-[(s+c-ai-a2)"+(s + c-a,-a3)"+ ....(s+c -«„_!-«„)»] 

-(-ir[(c+«i+«2)"+(c+ai+a3)"+ . • (c+a„_i + a„)»] 

(-ir[(c+a,)»+(c-«2)»+ (c+a™)"] 

-(-l)'»c'» 

Examples. 

1. Adding 8 to the roots of each term in (8) and we get (10). 

2. Adding —5 to the roots of each term in (13) and we get 

19^=148 +122+52-2*... .(22). 

3. Adding —22 to the roots of each term in (18), we get 
25" =23" +22" -17" -13" -9" +7" +6" +4" +3" -1" ....(23), 

where n=5, 3, or 1. 

4. Adding —7 to the roots of each term in (19), we get 

17" =15" +14" —8" +7" —5" —4" —2" ....(24), 
where ii^5, 3, or 1. 



.(21). 
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In (21), by making a,=a2^""«o., we have 

(c+ma,)"=w[cf (w-l)aJ"- "^^*^~^ -^ [c+(m-2)a. ]»+..-(- l)"'c". (25). 

By (25) we may express the wth power of c4-»»a, in terms of the wth 
powers of the terms of the arithmetical progression 

c + (m — l)aj, c+(»w— 2)a,, c+(ot— 3)a|, etc.; 

multiplied by the binomial coefficients, m, — ^~ — —, etc., respectively. Thus: 
Making c=5, tn=6, a^^=7, we have 

47™ =-6.40" -15.33" +20.26" -15.19™ +6.12" -5» ....(26), 

where w^5, 4, 3, 2, or 1. 

Making c^41, m=6, a^^l, we have 

47™ =6.46" -15.45" +20.44" -15.43" +6.42" -41" ....(27). 

Making c=— 15, m—6, a^^6, we have 

21« =6.15" -15.9" +20.3"-]5.(-3)»+6(-9)"-(-15)»....(28). 

Hence, 21»=5.15»-9.9«+5.3'', where »=4 or 2; and 21''=7.15»-21.9»+ 
35.3", where n=5, 3, or 1. 

Making c=0 and «!=!, we have 

nit fyi 1 ^ 

m™=OT(m-l)'» ^-^ — ^(m-2)«+.... + (-l)'»»n.l»....(29). 

Thus, for m=6, we have 6"=6.5"-15.4»+20.3»-15.2« + 6, where m=5, 
4, 3, 2, or 1. 

Cor. IV. Multiplying (4) by 2" , and then adding c— s to the root of each 
term, we have 

(c+s)"=[(c+s-2ai)"+(c+s-2a2)"+ . . (c+s-2a,„)»] 
-lic + s-2a,-2a,y . . . (c+s-2a„^i— 2a„)" ] 

(30). 

-(-ir[(c-s + 2a,+2a,)" . . . [c-s-f 2a„,_i+2a™)"] 
(-l)"'L(c-s+2ai)"+(c-s+2a2)"+ . . (c-s + 2a™)"] 

-(-1)'"(c-s)» 
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Examples. 
Making a^=l, a2=2, 0^=3, a„^a^=5, c=7, we have 

18« =16» +14" -10" -2» , or 9» =8» +7" -5" -1» ....(31), 

where m^3 or 1. 

Making a,=l, 0^=2, 03=8, a^—5, a^^S, af=am=lB, we have 

(c+32)» =(c+30)» + (c+28)" - (c+24)» - (c+18)» +(c+16)» - (c + 10)™ 

+(c+8)» +(c+6)» -(c+4)» -(c-4)» + (c-6)» +(c-8)™ ..(32), 
-(c-10)» +(c-16)» -(c-18y -(c-24)« +(c-28)'» + (c-30)» 
-(c-32)» 

where «=5, 4, 3, 2, or 1. 

Making c, in (32), =7, we have 

39« =37" +35» -3l» + 15" -t-13» -9» -21" ....(33), 

where «^5, 3, or 1. 

In (30), by making c-a^^=a2—-....am'^^t we have 

iv« X -iN^ >M(>w— 1) . „.„ , »m(w— l)(m— 2) . ..„ 
(w— l)"=m(m— 1)" ^^-^ — ^(m— 3)" ^ — ^^ ^ ^(m— 5)"— .... 

....-(-1)"' ^^*^"^-^ (5-m)''+(-l)'»m(3-w)''-(-l)'»(l-m)".(34). 



Supposing m and w to be both even or both odd, (34) may be written 
(m+l)"=(m-l)»+i— J-(m-3)»+i + "^^^~^^ (w-5)"+' 



m(m— l)(m— 2). _, ,, ,„^^ 
5^ ^2!^^ -^(»n-7)«+i + ...(35). 

In (35), when m is even, the root of the last term is 1, and when the for- 
mer is odd the latter is 2. Thus : 
Making m=6, we have 

7«^5„+i_3_3»+i ^ 5.i"+i....(36), 
where «=4 or 2. 

[To be Continued.] 



